
Studying the Complexity of Rainfall within California via a Fractal 
Geometric Method 

Carlos E. Puente1, Mahesh L. Maskey1 and Bellie Sivakumar1,2 

Abstract A deterministic geometric approach, the fractal–multifractal (FM) method, 
useful in modeling storm events and recently adapted in order to encode highly inter-
mittent daily rainfall records, is employed to study the complexity of rainfall sets 
within California. Specifically, sets −from south to north− at Cherry Valley, Merced, 
Sacramento and Shasta Dam and containing respectively 59, 116, 115 and 72 years, 
all ending at water year 2015, are studied. The analysis reveals that: (a) the FM ap-
proach provides faithful encodings of all records, by years, with mean square and 
maximum errors in accumulated rain that are less than a mere 2% and 10%, respec-
tively; (b) the evolution of the corresponding “best” FM parameters, allowing visuali-
zation of the inter-annual rainfall dynamics from a reduced vantage point, exhibit a 
highly entropic variation that prevents discriminating between sites and extrapolating 
to the future; and (c) the rain signals at all sites may be termed “equally complex,” as 
usage of k-means clustering and conventional phase space analysis of FM parameters 
yields comparable results for all sites. 

1. Introduction 

As rainfall is a fundamental input to the hydrologic system, quantifying its temporal 
and spatial complexity is paramount for the proper planning, design and 
implementation of water resource infrastructure. As the process often exhibits 
complex non-linear behavior and high-intermittency, it is desirable to develop 
improved techniques that may allow further understanding of its structure. 

 With the development of stochastic and fractal notions and the advent of 
modern computation, a substantial effort has been made in the past few decades at 
conceptualizing numerous reainfall models. Attempting to capture the erratic, 
intermittent, random, and, in short, complex nature of rainfall, various frameworks 
have been proposed. Such include attempts to quantify complexity based on: (a) 
chaotic features of  the records (e.g., Rodríguez-Iturbe et al. 1989; Sharifi et al. 1990; 
Ghilardi and Rosso 1990; Rodríguez-Iturbe 1991; Jayawardena and Lai 1994; Kout-
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soyiannis and Pachakis 1996; Sivakumar et al. 1999, 2001a; Peters et al. 2001; Men et 
al. 2004; Dhanya and Kumar 2010; Jothiprakash and Fathima 2013), (b) nonlinear 
time series models (e.g., French et al. 1992; Luk et al. 2000; Jin et al. 2005; Ramirez 
et al. 2005; Nasseri et al. 2008; Kim et al. 2009; Sivakumar 2009; Sivakumar and 
Singh 2012; Sivakumar et al. 2014), and (c) representations aiming at preserving sta-
tistical and fractal and multifractal rainfall properties (e.g., Rodríguez -Iturbe 1986; 
Gupta and Waymire 1990; Tessier et al. 1993; Lovejoy and Schertzer 2013; Puente 
and Obregón 1996; Sivakumar 2000, 2004; Sivakumar et al. 2001b; Maskey et al. 
2015). 

Relevant to this research, Puente (1996) developed a simple geometric proce-
dure, the so-called fractal-multifractal (FM) method, which generates “seemingly-
random” sets as fractal transformation of multifractal measures without requiring any 
statistical assumptions. This method, which fits within the modern notion of a fourth 
paradigm in data-intensive scientific discovery (Hey et al. 2009), produces a vast class 
of patterns defined over one and higher dimensions that not only preserves key statis-
tical indicators, viz. moments, autocorrelation function, power spectrum, multifractal 
spectrum, but also captures intricate details and the textures present in the data sets, 
something which is quite difficult to accomplish using (physical) stochastic models 
(Puente 2004; Cortis et al. 2009). 

While the FM approach has already been used to model: (a) rainfall events 
(e.g., Puente 1996; Obregón et al. 2002a,b; Huang et al. 2012a,b), (b) daily rainfall 
sets gathered over a year (Maskey et al. 2015, 2016b; Puente et al. 2016), (c) daily 
streamflow records over a year (Puente et al. 2016; Maskey et al. 2016a), (d) daily 
temperature measurements (Puente et al. 2016), and (e) even spatial contaminant 
plumes (Puente et al. 2001a,b), this article represents the first effort in using the FM 
method as a tool to quantify rainfall complexity, using for the purpose data sets col-
lected within California. 

The organization of the paper is as follows. Given first is an introduction to the 
FM notions and, in particular, the specific adaptation used to model intermittent rain-
fall records. This is followed by the methodology employed in fitting specific data 
sets via a numerical optimization exercise and an explanation of how FM geometric 
parameters will be used to quantify complexity. Then, the analysis of the records’ 
complexity at four stations, from south to north, Cherry Valley, Merced, Sacramento 
and Shasta Dam, is advanced, including a study of the inter-annual dynamics and da-
ta-mining classifications at each site and a comparison of complexity features in space 
among the sites. The article concludes with its conclusions and recommendations.  

2. The Fractal-Multifractal method 

The transformation of multifractal measures via fractal interpolating functions, lead-
ing to the fractal-multifractal (FM) method (Puente 1996), is reviewed here.  

A fractal interpolating function 𝑓𝑓: 𝑥𝑥 → 𝑦𝑦, passing through 𝑁𝑁 + 1 ordered 
points in plane {(𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛)| 𝑥𝑥0 < 𝑥𝑥1 < ⋯ < 𝑥𝑥𝑁𝑁} and having a graph 𝐺𝐺 = {(𝑥𝑥,𝑓𝑓(𝑥𝑥)|𝑥𝑥 ∈
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[𝑥𝑥0, 𝑥𝑥𝑁𝑁] = [0,1]}, is defined as the unique fixed point of 𝑁𝑁 affine maps (Barnsley 
1988): 

𝑤𝑤𝑛𝑛 �
𝑥𝑥
𝑦𝑦� = �

𝑎𝑎𝑛𝑛 0
𝑐𝑐𝑛𝑛 𝑑𝑑𝑛𝑛

� �
𝑥𝑥
𝑦𝑦� + �

𝑒𝑒𝑛𝑛
𝑓𝑓𝑛𝑛� ,            𝑛𝑛 = 1, … ,𝑁𝑁, (1)  

such that, 𝐺𝐺 = 𝑤𝑤1(𝐺𝐺) ∪ 𝑤𝑤2(𝐺𝐺) ∪ …∪ 𝑤𝑤𝑁𝑁(𝐺𝐺). While the vertical scalings 𝑑𝑑𝑛𝑛 are free 
parameters satisfying |𝑑𝑑𝑛𝑛| < 1, the other coefficients in Eq. (1), 𝑎𝑎𝑛𝑛, 𝑐𝑐𝑛𝑛, 𝑒𝑒𝑛𝑛 and 𝑓𝑓𝑛𝑛, are 
evaluated via the contracting initial conditions: 

𝑤𝑤𝑛𝑛 �
𝑥𝑥0
𝑦𝑦0� = �

𝑥𝑥𝑛𝑛−1
𝑦𝑦𝑛𝑛−1�,          𝑤𝑤𝑛𝑛 �

𝑥𝑥𝑁𝑁
𝑦𝑦𝑁𝑁� = �

𝑥𝑥𝑛𝑛
𝑦𝑦𝑛𝑛� , 𝑛𝑛 = 1, . . . ,𝑁𝑁, (2)  

which guarantee the existence of a stable attractor and yield 𝑁𝑁 systems of linear equa-
tions that may be easily solved in terms of the interpolating points and the vertical 
scalings. Upon successive iterations of the maps, a convoluted “wire” function 𝑓𝑓, 
whose graph has a fractal dimension 1 ≤ 𝐷𝐷 < 2, is found. 

The notions may be generalized so that a more general attractor, other than a 
function, is obtained. Such is easily accomplished replacing the contractile initial 
conditions (Eq. 2) by more general contractions: 

𝑤𝑤𝑛𝑛 �
𝑥𝑥0
𝑦𝑦0� = �

𝑥𝑥2𝑛𝑛
𝑦𝑦2𝑛𝑛�,          𝑤𝑤𝑛𝑛 �

𝑥𝑥2𝑁𝑁−1
𝑦𝑦2𝑁𝑁−1� = �

𝑥𝑥2𝑛𝑛+1
𝑦𝑦2𝑛𝑛+1� , 𝑛𝑛 = 1, . . . ,𝑁𝑁, (3)  

such that the range in 𝑥𝑥 of map 𝑤𝑤𝑛𝑛 becomes the interval [𝑥𝑥2𝑛𝑛, 𝑥𝑥2𝑛𝑛+1]. Notwithstand-
ing the need of additional end-point parameters 𝑦𝑦2𝑛𝑛, 𝑦𝑦2𝑛𝑛+1, a disperse attractor, over a 
Cantor set (Mandelbrot, 1982), is defined whenever the domain of the attractor con-
tains gaps (Huang et al. 2013; Maskey et al. 2015). 

Figure 1 illustrates how a disperse attractor is constructed iterating two affine 
maps whose end-points are {(0,0), (0.41,1.08)} and {(0.80,4.02), (1,−0.35)}, name-
ly: 

𝑤𝑤1 �
𝑥𝑥
𝑦𝑦� = �     0.41 0

    0.97 −0.32  �  � 
𝑥𝑥 
𝑦𝑦 � (4)  

𝑤𝑤2 �
𝑥𝑥
𝑦𝑦� = �     0.19 0

 −4.53 −0.43  �  � 
𝑥𝑥 
𝑦𝑦 � + �  0.80

4.02 �, (5)  

and when such are iterated following independent outcomes of a 33-67% biased coin. 

As seen, the Monte Carlo procedure, known as the “chaos game” (Barnsley, 
1988), defines (say after 214 iterations) a Cantorian function from 𝑥𝑥 to 𝑦𝑦, and also ul-
timately induces stable projections (histograms) 𝑑𝑑𝑑𝑑 and 𝑑𝑑𝑑𝑑, which are hence func-
tionally related and deterministic. While the former is clearly defined over a Cantor 
set (as there is a gap of 0.39 in end-points over 𝑥𝑥) and exhibits a multifractal structure 
containing noticeable repetition, the latter, which exhibits ample intermittency, is the 
derived measure over 𝑦𝑦 found transforming the input measure 𝑑𝑑𝑑𝑑 via the fractal func-
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tion from 𝑥𝑥 to 𝑦𝑦, hence explaining the notation fractal-multifractal approach. For the 
sake of rainfall modeling, Fig. 1 also includes an adaptation of the notions via set 𝑑𝑑𝑦𝑦𝑣𝑣 
so that additional zero values may be defined. Such a pattern is simply found trim-
ming 𝑑𝑑𝑑𝑑 below a threshold 𝜙𝜙, in a manner that evokes removing “traces” of rain. 

By varying the parameters associated with the construction, the ideas herein 
yield indeed a host of rainfall-looking sets that shall be used later on to encode rainfall 
measurements via an inverse problem that uses recorded information (duly normal-
ized) as the target of an FM optimization exercise that depend on the following pa-
rameters: (a) the end-points that define where the attractor would pass, (b) the 
ings 𝑑𝑑𝑛𝑛, (c) the frequencies used to carry the iterations 𝑝𝑝, and (d) the threshold 𝜙𝜙 used 
to trim the original output. Without a lack of generality, the first member of the first 
end-point and the second member of the second end-point have been set, respectively, 
to (0,0) and (1, 𝑦𝑦2𝑁𝑁+1). This implies a total of nine geometric FM parameters when it-
erating two maps. 

Although, as mentioned earlier, the FM approach do fit within the modern no-
tion of data-intensive scientific discovery (Hey et al. 2009), it is worth remarking that 
the notions have been assigned a physical interpretation, as the FM sets produced are 
deterministic realizations of non-trivial stochastic conservative multiplicative cas-
cades, ultimately belonging to the class of “universal multifractals” (Cortis et al. 
2013). Although no physical meaning may be assigned to the specific FM parameters 
nor such may be measured in any obvious way given a pattern (hence requiring an op-
timization exercise), the collective representations provided by the FM notions are 
part of a family of sensible physical entities and members of a collection of pertinent 
geometries with which to attempt to represent rainfall patterns and others (Puente et 
al. 2016). Certainly, it is not easy to capture the overall geometries of rainfall sets par-
simoniously, but the FM approach does hold promise for such a desirable task that al-
so aims at finding a suitable language for describing complexity (Maskey et al. 2015). 

3. Methodology 

This section explains how the FM approach is used to study the inter-annual and spa-
tial variability of rainfall sets. First, the methodology used to find suitable encodings, 
for a year of data at a time, is introduced. Second, the validation statistics employed to 
quantify performance are given. Then, the analysis carried out to classify and quantify 
rainfall complexity is advanced. 

3.1 FM encodings  

Even though the FM methodology is ultimately rather simple and computationally ef-
ficient – once a set of parameters is known –, the finding of an appropriate representa-
tion for a given set is challenging. As there are neither analytical formulas for the at-
tractors nor for the derived measures 𝑑𝑑𝑑𝑑, only a numerical solution is possible. Also, 
alternative parameter sets may exist, i.e., equifinality (Beven 2006; Huang et al. 
2013). 
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Following previous efforts (e.g., Maskey et al. 2015; Puente et al. 2016), a 
generalized particle swarm optimization (GPSO) algorithm, with swarm members 
having dynamic capabilities, is used in the study. Specifically, the GPSO procedure is 
run 200 times to find that many plausible solutions using swarms made of 500 ran-
domly defined elements – FM parameter values defined uniformly between bounds – 
and allowing them to evolve following 100 successive iterations. The best parameter 
values for the 200 runs, even if local optima, are recorded for further study. 

In trying to account for the inherent complexity in daily rainfall (Obregón et 
al. 2002a,b; Huang et al. 2013; Maskey et al. 2015), the objective function to mini-
mize is defined adding three 𝐿𝐿2 norms, i.e., root mean square errors, of accumulated 
rainfall vs. accumulated FM fitted values, at the daily, 𝜀𝜀1, three-day, 𝜀𝜀3, and seven-
day, 𝜀𝜀7, scales, over the period of consideration (i.e., a year) plus a few penalties 
aimed at discarding unacceptable renderings. This gives for the objective function: 

𝜀𝜀 = 𝜀𝜀1 + 𝜀𝜀3 + 𝜀𝜀7 + 𝜀𝜀𝑝𝑝, (6) 

where  

𝜀𝜀𝑗𝑗 = � 1
𝑀𝑀𝑗𝑗

��𝑐𝑐𝑖𝑖,𝑗𝑗 − 𝑐̂𝑐𝑖𝑖,𝑗𝑗�
2

𝑀𝑀𝑗𝑗

𝑖𝑖=1

,            𝑗𝑗 = 1,3,7, (7) 

𝑀𝑀𝑗𝑗 is the number of data points at scale 𝑗𝑗, i.e., 𝑀𝑀1 = 365(366), 𝑀𝑀3 = 123 and 
𝑀𝑀7 = 53(54), 𝑐𝑐𝑖𝑖,𝑗𝑗 is the accumulated measured rainfall up to period 𝑖𝑖 for scale 𝑗𝑗, 𝑐̂𝑐𝑖𝑖,𝑗𝑗 
is the corresponding value obtained via an FM representation, and 𝜀𝜀𝑝𝑝 are penalties 
dealing with the maximum allowable deviations between 𝑐𝑐𝑖𝑖,𝑗𝑗 and 𝑐̂𝑐𝑖𝑖,𝑗𝑗 and information 
regarding their distribution of zero values. Although GPSO calculations may not al-
ways keep the penalty restrictions all the time, the results reported herein do fulfill 
such constraints. 

3.2 Model performance  

To assess the quality of individual FM approximations, various qualifiers are comput-
ed at the aforementioned scales. Such include: 

(a) Nash-Sutcliffe efficiencies for, accumulated, rainfall vs. FM sets: 

𝜂𝜂𝑗𝑗 = 1 −
∑ �𝑐𝑐𝑖𝑖,𝑗𝑗 − 𝑐̂𝑐𝑖𝑖,𝑗𝑗�

2𝑀𝑀𝑗𝑗
𝑖𝑖=1

∑ �𝑐𝑐𝑖𝑖,𝑗𝑗 − 𝑐𝑐𝑗̅𝑗�
2𝑀𝑀𝑗𝑗

𝑖𝑖=1

, 𝑗𝑗 = 1,3,7, 
(8) 

where the notation is as in Eq. (7) and 𝑐𝑐𝑗̅𝑗 is the accumulated rainfall mean for scale 𝑗𝑗; 

(b) Nash-Sutcliffe efficiencies of rainfall vs. FM sets (all duly normalized):  
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𝜈𝜈𝑗𝑗 = 1 −
∑ �𝑟𝑟𝑖𝑖,𝑗𝑗 − 𝑟̂𝑟𝑖𝑖,𝑗𝑗�

2𝑀𝑀𝑗𝑗
𝑖𝑖=1

∑ �𝑟𝑟𝑖𝑖,𝑗𝑗 − 𝑟̅𝑟𝑗𝑗�
2𝑀𝑀𝑗𝑗

𝑖𝑖=1

, 𝑗𝑗 = 1,3,7, 
(9) 

where 𝑟𝑟𝑖𝑖,𝑗𝑗 is the measured rainfall at period 𝑖𝑖 for scale 𝑗𝑗, 𝑟̂𝑟𝑖𝑖,𝑗𝑗 is the corresponding FM 
value and 𝑟̅𝑟𝑗𝑗 is the rainfall mean for scale 𝑗𝑗; 

 (c) the number of zero values at the three scales, ζ𝑗𝑗 in real vs. FM representations; 
and 

(d) the percent of zero values matched by an FM encoding, 𝜋𝜋𝑗𝑗. 

3.3 Complexity analysis 

The encoding of a host of rainfall sets, by year and at various sites, allows visualizing, 
beyond the annual depth, the dynamics of the process from the vantage point of ge-
ometry, i.e., from the perspective of the parameters of the FM representations em-
ployed. As shall be illustrated, such FM parameters permit performing more complete 
inter-annual and spatial comparisons, which enable quantifying the complexity of the 
records, as follows: (a) yearly patterns may be classified by parameters via data min-
ing techniques, e.g., k-means clustering (Arthur and Sergi 2007), such that rainfall 
dynamics may be studied by classes, and (b) parameter values may be studied follow-
ing a “classical” complexity study, computing correlations of them all and building 
phase-space diagrams to identify the presence or lack of geometric trends.  

4. Rainfall encodings in California 

The FM notions are tested next for daily rainfall sets gathered over water years (Octo-
ber 1st to September 30th) in four sites in California, from south to north: Cheery Val-
ley, Merced, Sacramento and Shasta Dam, as summarized in Table A1 in the Online 
Appendix http://puente.lawr.ucdavis.edu/pdf/nag_puente_appendix.pdf. As seen, all 
sites contain at least 59 years of contiguous sets gathered by NOAA’s National Cli-
mate Data Center (NCDC) and the average annual rains (from south to north) are 
46.7, 12.9, 17.6 and 63.7 inches. Prior to FM encoding, all data sets are normalized so 
that the accumulated depth (over a given year) becomes unity.  

Given the geometric intricacies of the records that contain substantial number 
of zero values, the FM representations used are associated with the Cantorian con-
struction based on the iteration of two maps as highlighted in Fig. 1. As they rely on 
nine FM geometric parameters, the computed sets have associated compression ratios 
of about 40:1 (365/9). Since encoding over 360 years of records (see Table A1) takes 
a substantial amount of time for solving the associated inverse problems (over 12 
hours per year on a personal computer) and in order to study distinct possible solu-
tions for the optimization exercises, the results reported here not only correspond to 
the “best” objective functions (over all 200 cases, as explained in Section 3) but also 
include, for sensitivity reasons, up to the best twenty solutions. In what follows and 
for clarity purposes, the quantity 𝜀𝜀1 is renamed as 𝜀𝜀𝑎𝑎𝑎𝑎 (see Eq. (7)), the root mean 

http://puente.lawr.ucdavis.edu/pdf/nag_puente_appendix.pdf
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square error in daily accumulated sets over a year, and the results also report on the 
maximum daily deviation in accumulated rain over a year, 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚.  

4.1 Examples of FM encodings 

To demonstrate the capability of the FM notions, encodings of four distinct rainfall 
sets, with varied geometries and for each location, are reported here together with an 
extensive statistical evaluation of their performance. As an example, Fig. 2 contains 
rainfall sets (black), best FM encodings (gray) and comparisons of accumulated sets 
at Cherry Valley for water years ending at 1970, 1980, 1990 and 2000. As readily 
seen, all the FM sets do capture very well the overall “rough” distribution of rain and, 
although the rainfall intensities themselves are not perfectly captured –for the loca-
tions of all peaks do not necessarily match– the accumulated profiles of FM sets are 
indeed close to their targets.  

The goodness of the best FM representations is further illustrated in Table 1 
that contains, by blocks, a host of statistical information at various scales, as in the ob-
jective function (Eq. (6)). As seen in the top block, average and maximum errors in 
accumulated sets at the daily scale, 𝜀𝜀𝑎𝑎𝑎𝑎 and 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, are rather small, with magnitudes 
that do not exceed 2.2 and 9.8%, respectively. As noticed on the second and third 
blocks, while the Nash-Sutcliffe indices on the accumulated sets, 𝜂𝜂𝑗𝑗, for a day, three 
days and seven days are all close to perfection, the Nash-Sutcliffe indices on the rec-
ords themselves, 𝜈𝜈𝑗𝑗, exhibit low values at the daily and three day scales (due to non-
matching rainfall intensities) but reasonable values –above 60%– at the weekly scale. 
As reported on the last two blocks, the numbers of zeros, ζ𝑗𝑗, in data and FM sets (in 
parenthesis) are close for all scales and the actual percent of zeros matched by the FM 
representations, 𝜋𝜋𝑗𝑗, is consistently higher than 75%, for all scales. 

Similar analyses for the other three sites reveal comparably good performance, 
which, due to space limitations, have been included in the aforementioned Online Ap-
pendix. There, the interested reader shall find, for the Merced, Sacramento and Shasta 
Dam locations, four examples each of FM fits similar to those in Fig. 2 (Figs. A1, A2 
and A3) followed by corresponding statistical information as in Table 1 (Tables A2, 
A3 and A4). As may be verified, such information supports the usage of the FM 
method to encode highly intermittent rainfall sets, as follows: (a) all FM representa-
tions, for the twelve examples, do resemble the real sets both in texture and overall 
locations of peaks and cannot be taken apart from data sets by the naked eye, as they 
do all look reasonable and “real,” (b) all FM fits are excellent in accumulated sets as 
the encoding errors 𝜀𝜀𝑎𝑎𝑎𝑎 and  𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 are rather low, always less than merely 2.1% and 
9.0%, respectively, (c) all Nash-Sutcliffe indices for accumulated sets, at the scales of 
one, three and seven days, 𝜂𝜂’s, remain close to 100%, (d) Nash-Sutcliffe values for 
the records, 𝜈𝜈’s, increase with aggregation scale and the numbers at the seven day 
scale are typically larger than 65%, as with Cherry Valley, (e) the number of zeros in 
the records and those in the FM representations, ζ’s, are close to each other, and (f) 
the FM fits do preserve well the location of zeroes in data, with 𝜋𝜋’s that always ex-
ceed 54% but that could be, sometimes, as high as 96%. 
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4.2 Overall performance  

Having studied in detail a few examples of rainfall patterns, this section includes the 
best FM representations over the whole records available: 59 years for Cherry Valley, 
116 for Merced, 115 for Sacramento and 72 for Shasta Dam. In such spirit, Fig. 3 for 
Cherry Valley, and Figs. A4, A5 and A6 on the Online Appendix for the other sites, 
include the observed rainfall set (top), the corresponding FM fit (middle) obtained by 
upgrading annual volumes (depths), and their implied accumulated sets over the 
whole period (bottom).  

As readily seen, the textures of FM sets associated with the best solutions 
(year by year) are indistinguishable from measured sets, not only by the naked eye, 
but also statistically as illustrated in the previous section. As such, the FM fitted ac-
cumulated sets turn out to be excellent renderings of the “real” sets, now over much 
longer periods of time. The goodness of such overall representations is further reflect-
ed in Table 2, which contains, for all sites, encoding errors and some of the statistical 
information used earlier at three aggregation scales, but averaged over all years and 
together with their plus and minus standard deviations. As seen, encoding errors are 
consistently low, for all sites, with 𝜀𝜀𝑎𝑎𝑎𝑎 values that are on the average less than 1.8% 
and with standard deviations less than 0.3%, and with  𝜀𝜀𝑚𝑚𝑚𝑚𝑐𝑐 values lower than 8% and 
standard deviations less than 2.1%. Such behavior translates into almost perfect Nash 
Sutcliffe values for accumulated sets at all sites, reasonable Nash-Sutcliffe indices for 
the records at the 7 day aggregation scale, 𝜈𝜈7, with averages above 65% and standard 
deviations less than 22%, and a large percent of zeroes matched by the FM represen-
tations for all scales, as mean values of 𝜋𝜋’s are greater than 65% on the average and as 
the values for one day,  𝜋𝜋1, are all greater than 83% with a standard deviation less 
than 8%. 

These results illustrate that the Cantorian-based FM notions are useful to mod-
el highly intermittent rainfall sets containing a notorious amount of no-rain activity, 
with small errors that are within the accuracy of rainfall measurements (Lanza and 
Vuerich 2009). These results, even if only at four sites, do suggest that the FM geo-
metric parameters of successive sets, year by year, may be used to study the evolution 
and complexity of rainfall patterns. 

4.3 Rainfall dynamics 

Having sensible approximations of rainfall sets at all sites leads us to hypothesize that 
the time evolution of the best FM parameters, as defined in Sect. 3, may help eluci-
date the inter-annual dynamics of rainfall. As such, Fig. 4 and Figs. A7, A8 and A9 
(the latter on the Online Appendix) include the time evolution of the best FM parame-
ters for Cherry Valley and the three other sites: the coordinates of the right end-point 
of the first map, (𝑥𝑥1, 𝑦𝑦1), the coordinates of the left end-point of the second map,  (𝑥𝑥2, 
𝑦𝑦2), the 𝑦𝑦-value of the right end-point of the second map, 𝑦𝑦3, the vertical scalings of 
the two maps, 𝑑𝑑1 and 𝑑𝑑2, the frequency used to carry the iterations, 𝑝𝑝, and a rain-trace 
threshold 𝜙𝜙. While the 𝑥𝑥𝑖𝑖 values are bounded from the first and last end-points, i.e., 
from 0 to 1, the  𝑦𝑦𝑖𝑖 values ranged from -5 to 5, and the 𝑑𝑑𝑖𝑖’s between -1 and 1. All of 
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such values are shown normalized in the figures between 0 and 1, superimposing on 
them local parameter averages computed over 5 years. 

As seen for all sites, the FM geometric parameters vary wildly and often swing 
from high to low values and vice-versa. Such variability is also seen in the averages 
every 5 years as reported in the graphs. Consistently with the early figures year by 
year (e.g., Fig. 2), the geometries of successive years do vary significantly, a feature 
that has already been reported not only for yearly rainfall sets but also for streamflow 
records (Maskey et al., 2015, 2016). This is corroborated in Table A5 on the Online 
Appendix, which includes entropy calculations for all parameters at all sites based on 
histograms containing eight bins resulting in maximum entropies of three (based on 
𝑙𝑙𝑙𝑙𝑙𝑙2 calculations for a purely uniform case). As seen and as hinted from the evolu-
tions, all entropy values (except for the iteration frequency 𝑝𝑝 and the threshold 𝜙𝜙 that 
a bit more orderly) reflect near uniformity, as all are between 2.75 and 2.98. 

At the end, there are no noticeable trends in the best FM parameters (not even 
when averaged every five years) and such a fact clearly precludes the possibility of 
readily finding rainfall forecasts from such geometric information or discerning ef-
fects due to climate change. As seen, all sites, irrespective of their variable average 
annual volumes, exhibit a high degree of complexity, a trait that shall be further elab-
orated later on. 

4.4 Sensitivity 

In order to further understand the overall effectiveness of the FM method at all sites 
and in an attempt to find “sub-optimal” solutions that may exhibit parameter trends, 
Fig. 5 shows the evolution of the encoding errors 𝜀𝜀𝑎𝑎𝑎𝑎 and 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, but not only for the 
best solution every year, but for the best three. As seen, while the three root mean 
square errors (left) remain close to each other and at values that do not exceed small 
quantities of 2.4, 2.5, 2.8 and 2.6% from top to bottom (for sites from south to north), 
the three maximum errors - not explicitly optimized - (right) exhibit an increased var-
iability that is bounded, from top to bottom, by 9.9, 10.0, 10.0 and 14.0%.  Noticea-
bly, few years at Shasta Dam exhibit large maximum errors and such may be inter-
preted as saying that from the point of view of the FM approach such a site is a bit 
more complex than the others. Although not shown here, a similar analysis of the best 
twenty solutions confirms the nature of the results. In terms of the employed objective 
function, the four sites within California may be considered comparable, but in terms 
of the maximum error in accumulated records (not explicitly accounted for), rainfall 
at Shasta Dam remains a bit more difficult to encode than in the other sites. 

Figure 5 suggests that the FM encodings do not possess a single best solution 
but that there are other close solutions. As such, it becomes natural to inspect how the 
parameter evolution of such alternative FM representations may look. Figure 6, for 
Cherry Valley, and Figs. A10, A11 and A12 on the Online Appendix, for the other 
sites, present such information for the three best FM parameter values. As seen, those 
solutions that have close encoding errors as reported in Fig. 5, evolve wildly in time, 
implying solutions in various regions of FM parameter space that reveal the presence 
of equifinality (Beven 2006). There are indeed distinct parameter configurations 
yielding close solutions (Hill and Tiedeman 2007), a common feature regarding the 
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solution of inverse problems dealing with complex processes. This fact, and their im-
plied evolutions of parameters, further elaborates the intrinsic complexity of rainfall, 
as comparisons of this block of figures exhibit rather similar degrees of variability. 
Certainly, a similar comparison of various solutions in the inherently complex and 
nonlinear rainfall process, may allow further quantifying climate complexity around 
the globe. 

As there is no perceptible trend in the best parameters and as there are several 
close solutions, a set of alternative parameter values was defined for each site based 
on fixed lower bounds over time, as included in Table A6 (for un-normalized parame-
ters) on the Online Appendix. Such “filtered” representations resulted in slightly 
worse performance as reflected in Table 3 when compared to Table 2. Still, however, 
such new FM parameters led to ample variation in parameters (albeit a bit less), as re-
flected in Fig. 7 for Cherry Valley and Figs. A13, A14 and A15 (on the Online Ap-
pendix) for Merced, Sacramento and Shasta Dam and as corroborated in the entropy 
analysis reported in Table A7 on the Online Appendix. Such filtered representations 
shall be used next together with the best parameters in order to classify rainfall pat-
terns and further assess the inherent complexity of the rainfall records. 

5. Classification and complexity analysis 

5.1 Geometric and data classification  

As there is ample variation in FM dynamics at all sites, both for best and filtered pa-
rameters, this section presents a discretized analysis of the rainfall records via FM pa-
rameter classifications (for both best and filtered solutions) yielding eight distinct 
classes using k-means clustering, as described in Sect. 3.3. 

Figure 8 shows the time evolution of the aforesaid eight classes for all sites 
(all starting at “class 1” for the initial year), based on best solutions (on the left) and 
filtered solutions (on the right), together with their implied Markovian matrices sum-
marizing transitions from time to time (to be read from right to left). As seen and as 
expected, the classification based on filtered parameters differs from that obtained 
from best parameters and all evolutions, at all sites, exhibit notable swings from low 
to high classes and vice-versa and broad Markovian matrices.  

In order to further qualify the results just discussed, Fig. 9 includes a similar 
classification into eight classes obtained by using the deciles of the yearly records, 
that is, the same number of parameters as the FM representations in Fig. 8. As seen, 
the rainfall class evolutions based on deciles exhibit yet similar swings as those based 
on FM parameters and the corresponding Markov matrices remain fairly broad, except 
for two noticeable transitions for Cherry Valley and Shasta Dam. As reported in Table 
A8 on the Online Appendix, the class evolutions for all sites turn out to be, at the end, 
rather similar in terms of their class entropies, 𝐻𝐻𝑐𝑐, (ranging from 2.71 to 2.96 and 
hence close to uniformity) and average class orbit lengths, 𝑂𝑂𝑂𝑂����𝑐𝑐, measured, in an abso-
lute sense, over the evolving classes (spanning from 1.98 to 2.77 classes). Although 
the records for Sacramento may be termed a bit more complex based on these two at-
tributes, there is not enough separation to conclude that sets are not similarly complex 
nor that any effects due to climate change may be identified. 
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Figure 9 also includes an inter-comparison between the classes implied by the 
decile classification and those obtained via best and filtered FM parameters, in the 
form of scatter plots having a larger circle depending on multiple occurrences of a 
given combination of classes. As seen, both for best and filtered FM classifications, 
there is no salient visible patterns that emerge from the analysis but rather very broad 
diagrams, which give credence to the notion that the three distinct classifications rep-
resent different (“orthogonal”) views of the records (as other “equifinal” FM solutions 
would likely produce), which altogether exhibit similar degrees of complexity.  

5.2 Comparative analysis in space 

Having explained that rainfall may be considered equally complex from a geometric 
point of view at the four sites under study, it becomes sensible to compare the class 
evolutions in space, one site against another. For this purpose, Fig. 10 includes pair-
wise comparisons associated with the best FM solutions, and Figs. A16 and A17 (on 
the Online Appendix) do so for the filtered FM and decile classifications, respective-
ly. As exemplified in Fig. 10, such graphs include a visual comparison of the class 
evolutions for concurrent years and the corresponding scatter plots. 

As seen, the rather erratic class evolutions result in fairly uncorrelated scatter 
plots, which, although having instances where class combinations do not exist (as 
high classes for Cherry Valley vs. low classes for Sacramento in Fig. 10), do not ex-
hibit noticeable trends. There are no clear correlations among the classes for all pairs 
of stations for any of the three classifications employed, hence emphasizing the com-
plexity of the rainfall records, not only in time, but also in space, at least for a distance 
of about 550 miles within California. 

5.3 Additional complexity analysis 

Having obtained “best” FM solutions for every site allows computing autocorrelation 
functions and phase diagrams for such individual parameters, as usually performed 
when trying to identify chaotic properties of records, e.g., Sivakumar and Berndtsson 
(2010). In that spirit, Fig. 11 includes such an analysis for the nine FM parameters at 
Merced together with the total rainfall depth over the years (in inches) and Figs. A18, 
A19 and A20 on the Online Appendix do so, in order, for Cherry Valley, Sacramento 
and Shasta Dam. 

As seen, Fig. 11 is divided into two parts, with the first one including the end-
point FM parameters 𝑥𝑥1, 𝑥𝑥2, 𝑦𝑦1, 𝑦𝑦2, 𝑦𝑦3, and the second comprising the other FM pa-
rameters 𝑑𝑑1, 𝑑𝑑2, 𝑝𝑝 and 𝜙𝜙 and the aforementioned total rainfall depth. As observed, for 
each attribute there are shown five features: (a) the time series itself, (b) the autocor-
relation function, (c) the two-dimensional phase diagram with a lag equal to one year, 
(d) the two-dimensional phase diagram with a lag equal to half the total number of 
years in the records (58 for Merced), and (e) the three-dimensional phase diagram ob-
tained using lags 0, 1, and 2. 

As observed in Fig. 11, the annual rainfall depths for Merced, as well as the 
best FM parameters there, exhibit noticeable swings from high to low and vice-versa 
and, as expected, their corresponding autocorrelations decay rather quickly and re-
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main almost always, within the shown ±1.96/√𝑛𝑛 (where 𝑛𝑛 is the length of records) 
bands for up to 58 lags. As seen, all phase diagrams for all FM parameters and total 
rainfall depth exhibit noticeable scattering at the scales considered. The diagrams 
shown, and others for additional scales not included here, confirm the complexity of 
the rainfall records, as there is no obvious attractor that may be discerned for any of 
the geometric attributes of the daily rainfall patterns. As the analysis for the other 
sites, shown in the corresponding figures on the Online Appendix, reveals rather simi-
lar results, it may indeed be surmised that the studied sets lack a low-dimensional 
structure that may define different degrees of (geometric) complexity for rainfall in 
space. 

6. Conclusions and further research 

This research illustrates how a Cantorian variant of the fractal-multifractal, FM, ap-
proach, which relies on the iteration of two simple maps and uses eight geometric pa-
rameters, may be adapted adding a rain trace threshold parameter to closely encode 
highly intermittent daily rainfall sets in California. By studying over 360 combined 
years at (from south to north) Cherry Valley, Merced, Sacramento and Shasta Dam, it 
is shown that it is possible to nicely approximate the geometry of individual years at 
the daily scale (i.e., optimizing their mass functions) with root mean square errors that 
are less than a mere 1.8 ± 0.3% and maximum errors in accumulated sets that are less 
than 7.9 ± 2.1%, both well within measurement errors reported for the rainfall pro-
cess, Lanza and Vuerich (2009). As the FM encodings also reasonably preserve in-
formation pertaining to the distribution of zero rainfall values and Nash-Sutcliffe at-
tributes for rainfall at the weekly scale, the results support the notion that hidden 
determinism may lie at the root of natural complexity (Puente 1996; Puente and Siva-
kumar 2007). 

Once FM representations are established, the dynamics of the aforementioned 
nine parameters are used in an attempt to study the inter-annual dynamics of rainfall 
at the four sites, aiming also at a spatial comparison. The analysis revealed; however, 
that the evolutions of “best” FM parameters, obtained via an optimization exercise, 
fail to exhibit any noticeable trends but rather ample variations, for all sites, in a man-
ner that does not reflect any variations due to climate change. As the optimization 
process revealed the presence of other FM parameter combinations having close ob-
jective functions, i.e., equifinality, “filtered” FM sets, narrowing the range of parame-
ter variations, were also defined, but such evolutions also ultimately resulted in non-
trivial and highly-entropic behaviors, for all sites. 

 As the evolutions of FM parameters were not useful in discerning differences 
in the complexity of rainfall among the chosen locations, a more complete analysis of 
such geometric parameters was carried via classifications (using k-means clustering) 
and conventional phase space diagrams. This investigation resulted in further under-
standing of the rather erratic signals and confirmed that the geometries of the rainfall 
sets at the four sites, and irrespective of distinct annual rainfall averages, cannot be 
distinguished from one another, as they all may be termed as “equally complex.” 
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The results of this work emphasize the “deterministic complexity” of the rain-
fall process, i.e., deterministic, as the individual sets may be represented by the FM 
method, but complex, as there are no obvious trends in FM parameters over time. The 
fact that there are equifinal FM solutions certainly suggests further investigating with-
in the space of parameters, using explicit bounds in the numerical search aiming at de-
fining trends. Although the results herein suggest that such may be unlikely, there 
may still be solutions that could allow discriminating rainfall complexity between 
sites. Certainly, the analysis should be extended further north to include rainfall sets 
with less numbers of zero values. 

The quantification of rainfall complexity in time and space, as attempted in 
this work, is certainly a scientifically relevant problem, especially in relation to cli-
mate change studies. If trends in dynamics may be discerned, such would have obvi-
ous benefits, and if such trends do not exist, that would also be relevant information. 
Although several questions remain regarding the FM approach, for instance, finding a 
physical explanation for each of its parameters, it is envisioned that similar analysis 
may also be carried to assess the complexity of other (less complex) hydro-
meteorological attributes such as streamflow and temperature records. Such an avenue 
of research, with less variable geometric patterns, is also being investigated and will 
be reported in the future. 
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Notation 

𝜀𝜀𝑎𝑎𝑎𝑎: Root mean square error in accumulated set  

𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚: Maximum error in accumulated set  

𝜈𝜈𝑗𝑗: Nash-Sutcliffe efficiency on records at 𝑗𝑗-day scale 

𝜂𝜂𝑗𝑗: Nash-Sutcliffe efficiency on accumulated sets at 𝑗𝑗-day scale 

ζ𝑗𝑗: Number of zeros present in the sets at 𝑗𝑗-day scale 

𝜋𝜋𝑗𝑗: Percent of zeros matched in the FM set at 𝑗𝑗-day scale  

𝐻𝐻𝑐𝑐: Entropy of class distribution 

𝑂𝑂𝑂𝑂����𝑐𝑐: Average orbit length by classes 
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der, parameter evolution, 𝜃𝜃(𝑡𝑡), parameter autocorrelation, ACF, and three phase-
space diagrams, focusing on: (a) end-points of affine maps, and (b) vertical scalings, 
iterations proportion, vertical thresholds and total rainfall depth (in inches). 

 



Table 1: Performance of the best FM models for Cherry Valley in Fig. 2 (𝜀𝜀𝑎𝑎𝑎𝑎, 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, 𝜂𝜂’s, 𝜈𝜈’s and 𝜋𝜋’s are in 
percent,  ζ’s are for data followed by FM fit in parenthesis) 

Statistics Period 
1970 1980 1990 2000 

𝜺𝜺𝒂𝒂𝒂𝒂 1.8 1.4 2.2 1.8 
𝜺𝜺𝒎𝒎𝒎𝒎𝒎𝒎 8.0 7.0 8.4 9.8 

𝜼𝜼𝟏𝟏 99.8 99.9 99.5 99.8 
𝜼𝜼𝟑𝟑 99.8 99.9 99.5 99.8 
𝜼𝜼𝟕𝟕 99.8 99.9 99.6 99.8 
𝝂𝝂𝟏𝟏 1.0 17.9 -40.0 -40.0 
𝝂𝝂𝟑𝟑 36.4 67.9 14.5 29.9 
𝝂𝝂𝟕𝟕 65.2 87.1 61.9 71.4 
ζ𝟏𝟏 295(300) 276(288) 300(319) 291(320) 
ζ𝟑𝟑 85(85) 73(80) 84(91) 81(89) 
ζ𝟕𝟕 27(30) 18(26) 26(32) 23(29) 
𝝅𝝅𝟏𝟏 86.1 85.2 90.7 91.8 
𝝅𝝅𝟑𝟑 78.8 78.1 80.6 84.0 
𝝅𝝅𝟕𝟕 77.8 88.9 76.9 78.3 

 

 

 

Table 2: Overall performance of best FM encoding in all locations (𝜀𝜀𝑎𝑎𝑎𝑎, 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, 𝜂𝜂’s, 𝜈𝜈’s and 𝜋𝜋’s are in percent) 

Statistics 
Site 

Cherry Valley Merced Sacramento Shasta Dam 
𝜺𝜺𝒂𝒂𝒂𝒂 1.6 ± 0.2 1.6 ± 0.2 1.6 ± 0.2 1.8 ± 0.3 
𝜺𝜺𝒎𝒎𝒎𝒎𝒎𝒎 7.1 ± 1.5 7.0 ± 1.3 7.1 ± 1.2 7.9 ± 2.1 
𝜼𝜼𝟏𝟏 99.8 ± 0.1 99.8 ± 0.1 99.8 ± 0.1 99.7 ± 0.1 
𝜼𝜼𝟑𝟑 99.8 ± 0.1 99.8 ± 0.1 99.8 ± 0.1 99.7 ± 0.1 
𝜼𝜼𝟕𝟕 99.8 ± 0.1 99.8 ± 0.1 99.8 ± 0.1 99.7 ± 0.1 
𝝂𝝂𝟏𝟏 -11 ± 38 -7 ± 32 -9 ± 28 -18 ± 29 
𝝂𝝂𝟑𝟑 34 ± 31 34 ± 27 43 ± 23 32 ± 20 
𝝂𝝂𝟕𝟕 65 ± 22 68 ± 16 74 ± 13 66 ± 17 
𝝅𝝅𝟏𝟏 85 ±  8 88 ± 7 91 ± 5 83 ± 8 
𝝅𝝅𝟑𝟑 76 ± 11 81 ± 10 85 ± 8 75 ± 12 
𝝅𝝅𝟕𝟕 68 ± 16 76 ± 14 80 ± 10 65  ± 16 

 

 

 

 



 

 

Table 3: Overall performance of filtered FM encoding in all locations (𝜀𝜀𝑎𝑎𝑎𝑎, 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, 𝜂𝜂’s, 𝜈𝜈’s and 𝜋𝜋’s are in 
percent) 

Statistics 
Site 

Cherry Valley Merced Sacramento Shasta Dam 
𝜺𝜺𝒂𝒂𝒂𝒂 1.9 ± 0.3 1.8  ± 0.3 1.8 ± 0.3 2.0 ± 0.3 
𝜺𝜺𝒎𝒎𝒎𝒎𝒎𝒎 7.4 ± 1.4 7.4 ± 1.4 7.5 ± 1.2 8.5 ± 2.6 
𝜼𝜼𝟏𝟏 99.7 ± 0.1 99.7 ± 0.1 99.7 ± 0.1 99.7 ± 0.2 
𝜼𝜼𝟑𝟑 99.7 ± 0.1 99.8 ± 0.1 99.8 ± 0.1 99.7 ± 0.2 
𝜼𝜼𝟕𝟕 99.7 ± 0.1 99.8 ± 0.1 99.8 ± 0.1 99.7 ± 0.2 
𝝂𝝂𝟏𝟏 -23 ± 44 -23 ± 40 -13 ± 32 -27 ± 35 
𝝂𝝂𝟑𝟑 24 ± 36 24 ± 33 38 ± 25 27 ± 23 
𝝂𝝂𝟕𝟕 59 ± 26 60 ± 22 69± 16  62 ± 20 
𝝅𝝅𝟏𝟏 85 ±  7 89 ± 6 90 ± 5 85 ± 7 
𝝅𝝅𝟑𝟑 76 ± 10 82 ± 9 83 ± 7  76 ± 10 
𝝅𝝅𝟕𝟕 68 ± 13 77 ± 13 78 ± 9 68  ± 14 

. 
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